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Dirichlet ( ) $A|$




$a_{k}(m_{k})(1\leq k\leq r)$ $s_{1},$ $\ldots,$ $s_{r}$
$L_{k}(s):= \sum_{n=1}^{\infty}a_{k}(n)n^{-s}$ $(1\leq k\leq r)$ (2)










$\sum\cdots\sum$ $(N_{F_{1}/\mathbb{Q}}I_{1})^{-s_{1}}(N_{F_{2}/\mathbb{Q}}I_{2})^{-s_{2}}\cdots(N_{F_{r}/\mathbb{Q}}I_{r})^{-s_{r}}$ . (3)
$1\leq N_{F}I_{1}<\cdots<N_{F/Q}I_{r}<\infty I_{1}\subset \mathcal{O}_{F_{1}}^{1/Q},I_{2}\subset \mathcal{O}_{F_{2}},\ldots,I_{f}\subset \mathcal{O}_{F_{r}}$
(3) $k$ 1 $r$ $F_{i}=\mathbb{Q}$
$(i\neq k)$
$a(m_{i})=|\{\{0\}\neq I\subset \mathcal{O}_{F_{i}}|(N_{F_{i}/\mathbb{Q}}I)=m_{i}\}|$
$L_{r,1}((s_{1}, \ldots, s_{r});a)=\sum_{1\leq m_{1<\cdot<}}\cdot.\cdot.\cdot\sum_{m_{r}<\infty}a(m_{1})m_{1}^{-s_{1}}m_{2}^{-s_{2}}\cdots m_{r}^{-s_{r}}$
(4)
$L_{r,r}((s_{1}, \ldots, s_{r});a)=\sum_{1\leq m_{1<\cdot<}}\cdot.\cdot.\cdot\sum_{m_{r}<\infty}a(m_{r})m_{1}^{-s_{1}}m_{2}^{-s_{2}}\cdots m_{r}^{-s_{r}}$
(5)
Dirichlet Euler-Maclaurin summation






(ii) $L(s)$ $\mathbb{C}$ $s=1$ 1
$r$ 1 $a(n)$
Dirichlet




1 $L(s)$ (i) (6)
2 $L(s)$ (ii) (6) singularities (4)
(5)
(6) singularities
3 $i=1,$ $r$ (6) (4) (5)
(6)
Proposition 1.
$i$ 1 $A_{r,i}$ $B_{r,i}$
$A_{r,i}=\{(s_{1}, \ldots, s_{r})\in \mathbb{C}^{r}|\Re(s_{r-k+1}+\cdots+s_{r})>k+\epsilon(r-i+1\leq k\leq r)\}$
$B_{r,i}=\{(s_{1}, \ldots, s_{r})\in \mathbb{C}^{r}|\Re(s_{r-k+1}+\cdots+s_{r})>k(1\leq k\leq r-i)\}$.
(\’o) $A_{r}\cap B_{r}$
[2] Proposition 1.1 No $=\mathbb{N}\cup\{0\}$
(6)
Theorem 1.
(1) (6) $s_{1},$ $\ldots,$ $s_{r}$ $\mathbb{C}^{r}$
(2) $L_{r,i}$ 1 $\mathbb{C}^{r}$
possible singularities
$s_{r}=1$ ,
$s_{r}+s_{r-1}=2,1,$ $-2n$ $(n\in \mathbb{N}_{0})$ ,
$s_{r}+s_{r-1}+s_{r-2}=3-n$ $(n\in \mathbb{N}_{0})$ ,
$s_{r}+\cdots+s_{r}=r-n$ $(n\in \mathbb{N}_{0})$ .
Theorem 1 (2) possible singularities
([1] changing variables ) true singularities
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Theorem 2.
$L_{r,i}$ 1 $\mathbb{C}^{r}$ true
singular,ties
$s_{r}=1$ ,
$s_{r}+s_{r-1}=2,1,$ $-2n$ $(n\in N_{0})$ ,
$s_{r}+s_{r-1}+s_{r-2}=3-n$ $(n\in N_{0})$ ,
$s_{r}+\cdots+s_{1}=r-n$ $(n\in N_{0})$ .





possible singularities true singularities
$s_{1},$
$s_{2}\in \mathbb{C}$
$f(s_{1}, s_{2})=L(s_{2})\zeta(s_{1})-L_{2,1}((s_{2}, s_{1});a)$ (7)
Theorem 2 $L(s)$ $f(s_{1}, s_{2})$
$s_{1}=1,$ $s_{2}=1$ ,
$s_{2}+s_{1}=2,1,$ $-2n$ $(n\in N_{0})$ .
singularities possible singularities




$f(s_{1}, s_{2})$ true singularities
$s_{2}=1$ ,






Theorem 2 Theorem 1
$i=r$ $r$ $i=r$
$i=r-1,$ $r-2,$ $\ldots,$ $2$ Theorem 2
$i=r-1,$ $r-2,$ $\ldots,$ $2$
$i=r-1$ $r=2$ $L_{2,1}$
$i=1$ $L_{r,r-1}$ $L_{r,r}$
$i=r$ $L_{r-1,r-1}$ Theorem 2 $L_{r,r}$ Theorem 2
Mellin-Barnes
$L_{r,r}((s_{1}, \ldots, s_{r});a)$
$=L_{r-1,r-1}((s_{2}, \ldots, s_{r});a)\zeta(s_{1})-L_{r-1,r-1}((s_{1}+s_{2}, s_{3}, \ldots, s_{r});a)$
$- \frac{1}{s_{1}-1}L_{r-1,r-1}((s_{1}+s_{2}-1, s_{3}, \ldots, s_{r});a)$
$- \sum_{l=0}^{N-1}(\begin{array}{l}-s_{1}l\end{array})L_{r-1,r-1}((s_{1}+s_{2}+l, s_{3}, \ldots, s_{r});a)\zeta(-1)$
$- \frac{1}{2\pi i}\int_{(N-\eta)}\frac{\Gamma(s_{1}+z)\Gamma(-z)}{\Gamma(s_{1})}L_{r-1,r-1}((s_{I}+s_{2}+z, s_{3}, \ldots, s_{r});a)\zeta(-z)dz$ , (8)




$s_{r}+s_{r-1}$ $=2,1,$ $-2n$ $(n\in \mathbb{N}_{0})$ ,
$s_{r}+s_{r-1}+s_{r-2}$ $=3-n$ $(n\in N_{0})$ ,




$s_{r}+s_{r-1}$ $=2,1,$ $-2n$ $(n\in \mathbb{N}_{0})$ ,
$s_{r}+s_{r-1}+s_{r-2}$ $=3-n$ $(n\in \mathbb{N}_{0})$ ,
$s_{r}+\cdots+s_{3}$ $=r-2-n$ $(n\in \mathbb{N}_{0})$ ,





$s_{r}+s_{r-1}$ $=2,1,$ $-2n$ $(n\in \mathbb{N}_{0})$ ,
$s_{r}+s_{r-1}+s_{r-2}$ $=3-n$ $(n\in \mathbb{N}_{0})$ ,
$s_{r}+\cdots+s_{3}$ $=r-2-n$ $(n\in N_{0})$ ,




$s_{r}+s_{r-1}$ $=2,1,$ $-2n$ $(n\in \mathbb{N}_{0})$ ,
$s_{r}+s_{r-1}+s_{r-2}$ $=3-n$ $(n\in N_{0})$ ,
$s_{r}+\cdots+s_{3}$ $=r-2-n$ $(n\in \mathbb{N}_{0})$ ,
$s_{r}+\cdots+s_{2}+s_{1}+l$ $=r-1-n$ $(n, l\in N_{0})$ ,
(12)
possible singularities (9) $s_{r}+\cdots+s_{2}=r-1-n$ (10),




$s_{r}+s_{r-1}$ $=2,1,$ $-2n$ $(n\in N_{0})$ ,
$s_{r}+s_{r-1}+s_{r-2}$ $=3-n$ $(n\in N_{0})$ ,










$\ldots,$ $Sk-1,$ $S_{r},$ $Sk\cdots,$ $s_{r-1})|a)$
$-L_{r,1}((s_{r},$ $s_{1},$ $\ldots$ $s_{r-1};a)$ . (14)
$s_{r}=1$ true singularity $r\in \mathbb{N}$ ,
$s_{1},$ $\ldots,$
$s_{r}\in \mathbb{C}$
$\zeta_{EZ,r}(s_{1}, \ldots, s_{r})=\sum_{1\leq m_{1}<\cdot<}\cdot.\cdot.\cdot\sum_{m_{r}<\infty}m_{1}^{-s_{1}}m_{2}^{-s_{2}}\cdots m_{r}^{-s_{r}}$





$s_{r-1}+s_{r-2}=2,1,$ $-2n$ $(n\in \mathbb{N}_{0})$ ,
$s_{r-1}+\cdots+s_{1}=r-1-n$ $(n\in N_{0})$ .
(14) $s_{r}=1$ possible singularity
$s_{r}=1$ $L_{r,r}$ true singularity (13)
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